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Abstract. We call an infinite structure M sunflowerable if whenever M’ is isomorphic to M with
underlying set M’, consisting of finite sets of bounded size, there is an My C M’ such that My is a
sunflower and M’ [, is isomorphic to M. We give sufficient conditions on M to show that M is
sunflowerable. These conditions allow us to show that several well-known structures are sunflowerable
and give a complete characterization of the countable linear orderings that are sunflowerable.

We show that a sunflowerable structure must be indivisible. This allows us to show that any Fraissé
limit that has the 3-disjoint amalgamation property and a single unary type must be indivisible.

In addition to studying sunflowerability of infinite structures we also consider an analogous property
of an age, which we call the sunflower property. We show that any sunflowerable structure must have
an age with the sunflower property. We also give concrete bounds in the case that the age has the
hereditary property, the 3-disjoint amalgamation property and is indivisible.

1 Introduction

In combinatorial set theory a sunflower, or a A-system, is a collection of sets any two pairs of which have a
common intersection. The existence of infinite sunflowers has important applications in mathematical logic,
such as for forcing large generic structures (for more information see [8; 13; 3]).

There are two important situations when it is known that infinite sunflowers exist. First there is the
following result of Erd6s and Rado, which tells us that whenever we have an infinite collection of finite sets, all
of the same size, that infinite collection must contain an infinite sunflower.

Theorem 1 (Erdds & Rado, [7]). Suppose n € w and Y an infinite set consisting of sets of size n. Then there
is a sunflower Yy C Y with |Yp| = |Y.
Proof. See [7, Theorem Lii] or [12, p. 107 and p. 421]. O

Second we have the following, which is known as the A-system lemma, and which considers the case when
all sets are finite, but not necessarily of the same size.
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Theorem 2 (Shanin). Suppose Y is an uncountable collection of finite sets. Then there is a sunflower Yy C Y
with |Yp| = [Y].

Proof. See [11, Theorem 1.9.18]. O

In this paper, we will be interested in collections of sets where the collection itself is an Z-structure, for
some language .Z, e.g. is a graph or a linear ordering. We say an infinite .Z-structure M is sunflowerable if
whenever there is an isomorphic copy of M whose underlying set consists of finite sets of the same size, then
there is an isomorphic substructure whose underlying set forms a sunflower. In this set up, the Erdés and Rado
theorem says that if £ is the empty language then every infinite Z-structure is sunflowerable.

In Section 2 we will study variants of the property of being sunflowerable and will give a natural condition
on an Z-structure, which is satisfied by dense linear orderings and the Rado graph, that guarantees a structure
is sunflowerable.

In Section 3 we focus on linear orderings. For both k-scattered linear orderings and countable linear orderings
we give a complete characterization of when a structure is sunflowerable.

While the existence of infinite sunflowers is important in mathematical logic and combinatorial set theory,
the existence of large finite sunflowers has significance in many other fields, including the study of circuit lower
bounds, matrix multiplication, pseudo-randomness, and cryptography. For an overview of the connections to
computer science, see [5]. One of the most important results in the study of finite sunflowers is the sunflower
lemma of Erdés & Rado [7]. Ignoring the explicit bounds that were obtained, this lemma can be framed
as follows.

Lemma 3. For every n € w and every finite set X there is a finite set Y such that for every set S and every
injection f:Y — P, (S) there is a set X' CY where f[X'] is a sunflower and |X'| = | X].

If this lemma holds when we replace “finite set” by “finite structure in an age K” (in an appropriate way)
then we say K has the sunflower property. In Section 4 we will consider the sunflower property of an age and
show that if a countable structure is sunflowerable then its age has the sunflower property.

In Section 5 we also show that if a structure is sunflowerable, or if an age has the sunflower property, then it
must be indivisible. This allows us to deduce that any structure that has a single unary type and the 3-disjoint
amalgamation property is indivisible.

Finally in Section 6 we end with some conjectures.

1.1 Notation

For a set S, we let P, (S) be the collection of finite subsets of S. For n € w, we let P, (S) be the collection
of subsets of S of size n. We also let [n] = {0,1,...,n—1}. If f is a function, we let dom(f) denote its domain
and ran(f) denote its range. If o is an ordinal, then o* is the order type given by («, 3), i.e., the reverse
ordering of (a, €). Suppose « is an ordinal and for all i € «, x; is a sequence. We let ((x;));co denote the
sequence that is the concatenation, in order, of each x;.

We fix a language .Z all of whose functions and relations have finite arity. We will use script letters to
represent .Z-structures, i.e., A, My, etc. and the corresponding Roman letters to represent their underlying
sets, i.e., A, My, etc. If A is a structure and B C A then we let A[p be the substructure of A with underlying
set B. We will use boldface to signify sequences of variables or of elements. We will write @ C M when a
is a sequence of elements of M. We will write |a| for the length of such a sequence. We write qtp ,(a) for
the (complete) quantifier-free type of a in M, i.e., the collection of literals that are true of the tuple a in M.
All quantifier-free types considered in this paper will be complete. For a quantifier-free type p We will write
p(x) to indicate that the free variables of p are contained in @. If y is contained in = then we write p(x)[, to
denote the collection of formulas in p that only use variables in y.
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Definition 4. We say a structure M is ultrahomogeneous if whenever
(1) a,b C M are tuples of size < | M|,
(2) atpy(a) = atpr,(b) (and in particular |a| = |b]),
(3) a e M,

then there is some b € M such that qtp (@, a) = qtp,(b, ).

2 Sunflowerable structures

In this section we introduce one of the main properties of study, that of being sunflowerable.

Definition 5. A sunflower is a set Y C P, (S) (for some set S) such that (Ir) (Vp,q € Y)p#qg—pNg=r.
We say a set Z C P, (5) (for some set S) contains a sunflower if there is a Y C Z that is a sunflower.

Definition 6. Suppose M is an infinite .Z-structure and n € w. We say M is n-sunflowerable if, whenever
S is a set and f: M — P,(S) is an injection, there is a subset M’ C M such that My = M and f[M’]
is a sunflower. We say M is sunflowerable if it is n-sunflowerable for every n € w. We say M is strongly
sunflowerable if, whenever S is a set and f: M — P, (5) is an injection, there is a subset M’ C M such that
My =2 M and f[M'] is a sunflower.

Note that every structure is O-sunflowerable and 1-sunflowerable. The following shows that the notion of
being strongly sunflowerable is only interesting for uncountable structures.

Lemma 7. If M is countable, then M is not strongly sunflowerable.

Proof. Note that w C P, (w) but w contains no sunflower of size 3. Therefore no structure on w can contain
an infinite substructure that is a sunflower. O

The following shows that the notions of n-sunflowerable form a hierarchy.
Lemma 8. Suppose n € w and M is (n + 1)-sunflowerable. Then M is n-sunflowerable.

Proof. Suppose S isaset, M’ = Mand M’ C P, (S). Let « be any set not in | M, let M* = {aU{z} : a € M'}
and let a: M’ — M* be the map where a(a) = a U {z}. Then « is a bijection. Let M* be the Z-structure
such that « is an isomorphism from M’ to M*. Because M is (n + 1)-sunflowerable and M* C P, ;1(S) there
must be an M° C M* such that M° is a sunflower and M*[p0 & M*. Let MT = o~ '[M°]. Then MT is a
sunflower and M'[y+ = M. Therefore, as M’ was arbitrary, M is n-sunflowerable. O

We now give some conditions on a structure, which will guarantee that it is sunflowerable.

Definition 9. We say a structure M is k-indivisible if, whenever (P;);c, partitions M with « < &, for some
i € o there is a Q C P, such that M[g = M. We say M is indivisible if it is |M|-indivisible.

Being indivisible is a strong form of robustness, which has a long history. For more on indivisibility (and
closely related notions) see, for example, [4; 16; 10].
We first show that if a structure is 2-sunflowerable then it is indivisible.

Proposition 10. If M is 2-sunflowerable then M is indivisible.

Proof. Suppose M is 2-sunflowerable, |M| = k and (F;);cq is a partition of M with a < k. Let |P;| = ; for
t€a Foriealet @ ={{(0,7),(¢+1,5)}}jey € Pa(k x £). Note |Q;] = |P;| and Q; is a sunflower. Let
Q = U;cq Qi- Note that for i < j € a, Q; N Q; = @. Therefore if for i € a, B;: P; — Q; is a bijection and



160 N. Ackerman, M. L. Karker, M. Mirabi

B = Uicq Bi> then j is a bijection from the underlying set of M onto Q. Let N be the Z-structure such that
B: M — N is an isomorphism.

Because M is 2-sunflowerable, there must be a Y C @ that is a sunflower with Ny = M. Then
|Y| = |M| = k. But then there must be distinct a,b € Y with a Nb # &, as otherwise [Y NQ;| =1foralli € «
and |Y| < a < k. As |a] = |b| = 2, we must have |a Nb| = 1. Hence, for some i € o we have anb = {(0,)}.
But, because Y is a sunflower, this implies for all distinct ¢,d € Y that cNd = {(0,4)} and ¢,d € Q;. Therefore
Y C Qi. But then M[g-1y] C P; is isomorphic to M and witnesses the fact that M is indivisible. O

We now show that being strongly sunflowerable is equivalent to being sunflowerable and uncountable.

Proposition 11. The following are equivalent:

(1) M is sunflowerable and uncountable,
(2) M is strongly sunflowerable.

Proof. By Lemma 7 we have that (2) implies (1).

Now suppose (1). As M is sunflowerable, by Proposition 10 M is indivisible. Suppose S is a set, M’ = M
and M’ C P, (S). Let ¢: M’ — w be such that ¢(a) = |a|]. As M’ is indivisible and uncountable, there must
be an M* C M’ such that |c[M*]| = 1 and M’[p~ = M’. But then, as M* is sunflowerable there must be
an M° C M* such that M*[po &2 M™* and M° is a sunflower. Therefore M is strongly sunflowerable and
(2) holds. O

Proposition 10 has consequences for the types of languages that admit 2-sunflowerable structures.

Lemma 12. Suppose M is an indivisible infinite .Z-structure. Then £ has no constants. In particular, if
M is 2-sunflowerable, then . has no constants.

Proof. Suppose, to get a contradiction, that ¢ is a constant in .Z. Let Py = {cM} and P; = M\ Py. Then
{Po, P, } is a partition of M. As M is indivisible, there is an i € {0,1} and an N' C M such that N’ = M and
N is contained in P;. But, as N’ C M, we have ¢V = ¢™ and so, in particular, ¢™ € N. Therefore N Z P.
But |Py| =1 and so N € Py, getting us our contradiction. The fact that £ does not have constant symbols if
M is sunflowerable then follows from Proposition 10. O

We now give a property that will imply x-indivisibility on k-saturated structures.

Definition 13. Suppose M is an Z-structure, a is a tuple contained in M, and a is an element of M
not in a@. We then let B, , = {b € M : qtp,,(a,a) = qtpy(a,b)}. We say M has universal duplication of
k-quantifier-free types if for all tuples @ C M of length < x and all a € M\a, there is a C C Bg , where
Mlc =2 M. We say M has strong universal duplication of k-quantifier-free types if for all sequences a € M of
length < & and a € M\a, we have M[p, , = M. If k = |M]|, then we omit mention of it.

Universal duplication of k-quantifier-free types can been seen as a homogeneity requirement on the model.
It is also worth noting that a structure having universal duplication of w-quantifier-free types implies that all
functions must be choice functions.

Lemma 14. Suppose M is an infinite .Z-structure that has universal duplication of w-quantifier-free types
and f is a function symbol in & of arity n. Then M = (Vxo,...,Zpn-1) Vie[n] f(zo, .., Tp_1) = ;.

Proof. Suppose, to get a contradiction, there is a tuple a = (ag,...,a,-1) € M such that f(a) € M\{a}.
Then, as M has universal duplication of w-quantifier-free types, there is a N C By f(q) with N = M. But
Ba,fa) = 1{b : f(a) =b} = {f(a)}. In particular, ’Ba7f(a)| = 1 getting us our contradiction. O

The following gives a basic condition when universal duplication of k-quantifier-free types is the same as
strong universal duplication of x-quantifier-free types.
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Definition 15. We say a structure M has 3-amalgamation of quantifier-free types if, whenever p(x,y),
q(y, z),r(z,x) are quantifier-free types realized in M such that

p(mv y) [z = ’I“(Z, w) [z,
p(x,y)ly = a(y, 2)ly,
(J(y, Z) [z = T(Z, -73) Iz,

there is a quantifier-free type a(x,y, z) realized in M such that

a(m, Yy, z) r:cy = p(ma y)7
CL(:I:7 Yy, Z) ryz = Q(y7 Z),
a(m, Y, z) [z2 = p(z7 .’13)

The 3-amalgamation of quantifier-free types is a strengthening of the amalgamation property and, in general,
there are notions of n-amalgamation for all n. These are closely related to the n-disjoint amalgamation property
(n-DAP) of an age defined in Definition 40.

For our purposes, we will be focused on saturated structures that admit quantifier-elimination (and hence
are ultrahomogeneous). In this situation 3-amalgamation implies strong universal duplication of quantifier-free

types.

Lemma 16. Suppose M is |M|-saturated, has quantifier-elimination, has 3-amalgamation of quantifier-free
types, and all elements of M have the same quantifier-free type. Then M has strong universal duplication of
quantifier-free types.

Proof. Let |M| = k and let (p;(x;)):cx be an enumeration of quantifier-free types realized in M over tuples
of size < k. For i € k, let n; = (3x;) Api(w;) and let T = {(i,5) € k? : pi(x;) C gj(m;) Axj; = x;y;}. For
(4,7) € I, let v; 5 = (Vo) [Api(x:) = 3Ty;) Agj(xiy;)]. Note, as M is saturated with quantifier-elimination,
M E Niewni and M |= A jyer7vij- Further note that a standard back-and-forth argument shows that if
V| = M| and A\c,mi and A(; jyes 7ij, then N = M.

Suppose, to get a contradiction, that M does not have strong universal duplication of quantifier-free types.
Pick some a,a such that M[p, , is not isomorphic to M. Let r = qtp,(a,a). There must then be some
b € B, and quantifier-free type g(x,y) such that M = (3y) ¢(b,y) and M (= (Jy) r(a,y) A q(b,y). But, if
s = qtpq(a,b), then this contradicts the 3-amalgamation of g, r, s. O

Strong universal duplication of quantifier-free types is important, as, in saturated models (of regular cardinal
size) with quantifier-elimination, it implies indivisibility.

Proposition 17. Suppose

(1) |M] is a regular cardinal,
(2) M is an | M|-saturated structure with quantifier-elimination, and
(3) M has strong universal duplication of quantifier-free types.

Then M is indivisible.

Proof. Let |M| = k. Suppose, to get a contradiction, that P is a partition of M with |P| < k such that no
element of P contains a copy of M as a subset. Let (P;);e¢ be an enumeration of P, where |P| = {. Suppose
(a;)iex is an enumeration of M.

We now define a sequence of tuples (b;);c¢, a sequence of quantifier-free types (r;(2;,:))iec, and a sequence
of quantifier-free types (u;(v;, si))iec. We do this by induction on A < ¢ and further require them to satisfy
the following conditions:

(a) [bal <&,
(b) by C Py,
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(¢) for ¢ < X and each element of ¢ in by, we have M = r;(b;, ¢),
(d) M (Vy € Py) = Nicari(biy),
(€) M = (Yoa)(Vy) (ur((vidiex, y) = A< ri(viy),
(f) M= (Fy) ua((Bi))icr,y)-

For all A < ¢, let Dy = {y € M : ux({Bilhien, o)}

Case 1: A = 0. As Py does not contain an isomorphic copy of M, there must be a tuple by € Py with
|bo| < K and a quantifier-free type ro(x,y) such that M = (Jy) A ro(bo,y) but M = (Vy € Py) = Aro(bo, y).
Let ug = 79. Note Do ={y € M : M = Auo(bo,y)} # @.

Case 2: A=« + 1. By our inductive assumption (f), there must be an element y € D, and hence, by (e),
a y € M such that M |= A\, 7i(bi,y). Note, by the inductive hypothesis (d), for all i < «, P, N D, = @. We
now break into two subcases.

Subcase 2.1: Do N P,y = &. In this case let by11 be the empty string and let r,11(y) be any unary
quantifier-free type realized in M. Further let w41 = uq.-

Subcase 2.2: Do N Pyi1 # @.  As M has strong universal duplication of quantifier-free types, M[p, = M.
But P, 41 does not contain a copy of M. Therefore there must be a tuple by41 of size < k in P,41 N D, and
a quantifier-free type ro41(ba+1,y) that is realized in M[p_, say by an element a, but not realized in P,1.
In particular, b,4+1 and 7,41 satisfy the inductive hypothesis. We therefore let u,1 be the quantifier-free type
of {(bi))ica+1"a.

Case 3: A =w-d. Let u*(y) = U;cu.s ui({(b;))j<i,y). Note u*(y) is finitely consistent, and so it is consistent.
Further, as |b;| < &, w-§ < x and £ is regular we have ||J;_,,s bi| < £. Therefore M = (Jy) u*(y) as M is

k-saturated. But this implies that [, <w.s Di # 9. We now break into two subcases.

Subcase 3.1: (ﬂi<w.6 Di) NP,.s = . In this case let b,,.s be the empty sequence and r,,.5(y) be any unary
type realized in M and uy,.5(Vw.5,¥) = U;cq,.5 i (Vis y).

Subcase 3.2: (<5 Di) N Pu.s # 2. Note ;.5 Di = {y € M : M =u*(y)}. So, as M has strong
universal duplication of quantifier-free types, M| _ ~p, = M. But P,.s does not contain a copy of M.
Therefore there must be a tuple b,,.5 in P,.sN (ﬂi<w,5 Di) and a quantifier-free type r,,.5(by.s, y) that is realized
in M [ﬂi@_é p,> by some tuple a, but not realized in P,.5. Let u.5 be the quantifier-free type of (b;))icw-54+1"a-
In particular b,,.5, 7.5 and u,.s satisfy the inductive hypothesis.

Finally, note that the set |J,c, 7i(bi,y) is finitely consistent and [(b;))iec| < k. Therefore, as M is
r-saturated, there is a y € M such that M = /\z‘ec r;(b;,y). But then for all i € {, y & P;, contradicting the
fact that P is a partition of M. O

We now give a condition that will ensure being sunflowerable. This allows us to show that many well-known
structures, such as the rational linear ordering and the Rado graph are sunflowerable.

Theorem 18. Suppose
(1) M is an .Z-structure,
(2) |M] is an infinite regular cardinal,
(3) M is indivisible and ultrahomogeneous, and
(4) M has universal duplication of quantifier-free types.

Then M is sunflowerable.

Proof. First note, by Lemmas 12 and 14, if My C M then M|y, is a substructure of M, i.e., M restricted to
a subset always gives rise to a substructure.

Suppose n € w, S is a set, Y C P,(S) and Y is an Z-structure with underlying set Y and Y = M. As
|Y| = k we can assume without loss of generality that (JY C k as well. We will now prove, by induction on n,
that there is Z C Y such that Y[z =2 M and Z is a sunflower.
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Case 1: n=1. In this case yo Ny = @ for all distinct yp,y1 € ¥ and hence Y is the desired sunflower.

Case 2: n=k+1. Suppose, to get a contradiction, that there is no Z C Y that is a sunflower with Y[z = M.
Foreach x € k, let Y, ={y €Y : z € y}. Let Yy = {y\{z} : y € Y?}. Note Y, C Px(S) and the map
Uy Yy — Y2 with u,(y) = y U {z} is a bijection. We let Y, be the .Z-structure on Y, such that for all atomic
formulas 9 of arity £ and all zo, ..., 201 € Vu, Vo E ¥(20,...,20—1) if and only if ¥ = ¥(us(20), ..., uz(2ze—1)).

If there is an x € k and C; C Y} is such that V,[c, = M, then, by the inductive hypothesis applied to
Yele,, there is a Z, C C,, such that Y, [z, = M and Z, is a sunflower. But then u,[Z,] C Y is a sunflower
and YV[,, (7] = M, contradicting our assumption. It therefore suffices to consider the case when, for all z € X,
Y, contains no substructure isomorphic to M.

Let a = (a;)iex be an enumeration of M. We define the sequence (z;);ex C Y by induction, where for all
a €K, qtpa((Zi)ica) = AtPa((@i)ica), and for all i < j € K, z; N z; = @,

Let z9 = ao. Let a € r and assume z; is defined for all i € a. Let ro = supl,_, zj. Note |z| = n
for all i € @ and |a] < Kk, so n -« < K, because k is an infinite regular cardinal, and hence r, < k. Let
Cy = {b €Y : qtpy((zi)ica,b) = atpay ((@s)ica, aa)}. Note Cy, # @, as Y is ultrahomogeneous. Let C, C C,
be such that YV [c, = V. Note we can always find such a C,, as Y has universal duplication of quantifier-free types.
Now suppose Cy C Ji<r, Y. Then, as Y is indivisible, there must be an j < r, and a D, C Co N Y where
D, =Y. But then uj'[D,] C Y; and uj_l[Da] = Y. Therefore, by the inductive hypothesis applied to uj_l[Da],
there is an E, C uj'[D,] that is a sunflower for which Y;[g, = Y. Therefore u;[E,] C Y is a sunflower and
Y, B, Y. But we assumed no such subset exists, therefore there must be some z, € Co\ UKT“ Y°. Hence
for all © <7, we have i € z, as zo € Y;. Therefore, for all j < a, 2; N zo = @.

Let Z = {z;}iex. By the construction, the map z; — a; is an isomorphism from Y[z — M. Further, as
z;Nz; = @ for all i < j < Kk, we have that Z is a sunflower. But this contradicts our assumption that no such

Z exist. O

We also have the following corollaries.

Corollary 19. Suppose

(1) M is an .Z-structure with |M| a regular cardinal,
(2) M is an |M|-saturated structure with quantifier-elimination, and
(3) M has strong universal duplication of quantifier-free types.

Then M is sunflowerable.
Proof. This follows immediately from Proposition 17, Theorem 18 and the fact that saturated structures with
quantifier-elimination are ultrahomogeneous. O
Corollary 20. Suppose

(1) M is an Z-structure with |M| regular,

(2) M is an |M|-saturated structure with quantifier-elimination,

(3) all elements of M have the same quantifier-free type, and

(4) M has the 3-disjoint amalgamation property (see Definition 40).

Then M is sunflowerable.

Proof. This follows immediately from Lemma 16 and Corollary 19. O

We can apply Corollary 19 to give many examples of sunflowerable structures.

Lemma 21. If £ is an infinite cardinal and (X, <) is a k-saturated model of the theory of dense linear
orderings without endpoints with | X| = & then (X, <) is sunflowerable.
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Proof. If the theory of dense linear orderings without endpoints has a k-saturated model of size x, then kK = K<".
Hence k is regular. As the theory of dense linear orderings without endpoints has quantifier-elimination, by
Corollary 19, it suffices to show that (X, <) has strong universal duplication of xk-quantifier-free types.
Suppose a is a sequence of elements of X of size < k and suppose a € X\a. Let ¢(z) be the type of a over
ain X. Let B, ={b : (X, <) = q(b)}. We can then divide the elements of @ into two disjoint sets A, A

where b < a < b for all b € A- and b~ € As. Let
p(r,y,2) ={bc <z : b €A U{z <y,y<z}U{z<bs : bs € AS}.

Note for any ¢,d € Bq, o with ¢ < d the type p(c, y, d) is finitely consistent and hence realized. Therefore (Bg,q, <)
is a dense linear order and |Bg 4| = | X| = k. Further, for all ¢ € Bq g4, the type {b< <z : b € Ac}U{x < ¢}
and the type {b> >z : b~ € A>} U {x > ¢} are consistent and hence realized. Therefore (Bq 4, <) is a dense
linear ordering without endpoints.

Now suppose C' C B, , with |C| < k and r(z) is a type over C. If r(z) is of the form « = ¢ for some ¢ € C,
then r(z) is realized in Bg 4. If r(z) is not of the form x = ¢, we can partition C' into two sets C« and Cs
such that r(x) is equivalent to {c< <z : c« € Cc}U{zx < ¢s : ¢ € Cs}. But then g(z) Ur(x) is finitely
consistent, so there must be some d such that (X, <) = ¢(d) Ur(d). But such a d must be in Bq 4, 50 (Bg,a; <)
is k-saturated. Hence (Bg,q, <) = (X, <). So, as a, a were arbitrary, (X, <) has strong universal duplication of
k-quantifier-free types. O

Lemma 22. If x is a regular cardinal and (X, F) is a s-saturated model of the theory of the Rado graph
with | X| = &, then (X, E) is sunflowerable.

Proof. This follows immediately from Corollary 20 and the facts that the theory of the Rado graph has
quantifier-elimination and any saturated model of the theory of the Rado graph has the 3-disjoint amalgamation
property. L]
Example 23. For 1 </ <k, let K} be the collection of all k-uniform hypergraphs such that all /-element
subsets are in an edge. For J C K| é“ let H s be the collection of all k-uniform hypergraphs that do not realize
any element of J. Note H; is an age with (HP), (JEP), and (2-DAP), see Section 4.1. Further, if £ > 3 then
H s has the 3-disjoint amalgamation property as well. In particular, there is a Fraissé limit G; of H; and, by
Corollary 20, G is sunflowerable.

Note that these techniques do not apply to all ultrahomogeneous structures, even if the structures have
free-amalgamation, as the Rado graph does. For n > 3 let H,, be the countable generic K,,-free graph.

Lemma 24. The graph #H, does not have universal duplication of quantifier-free types.

Proof. Let ag,...,a,—2 be a complete subgraph of H,,. If H,, had universal duplication of quantifier-free types,
then there would have to be a set X C {b € H, : qtpy, (ao,...,an—2) = qtpy,, (ao,...,an—3,b)} such that
H,lx = H,. In particular, there would have to be two bg, by such that

qtpH" (a()u ceey an72) = qtp’H" (a07 sy Ap—3, bO) = qtp?-[n (a07 vy Ap—3, bl)

and H,, = E(bo, b1). But then {a;}icn—3U{bo} is a complete K, 1 and {a;}ie[n—3 U{b1} is a complete K, ;.
So {a;}iem—3) U {bo, b1} is a complete K,, contradicting the fact that H,, is K,-free. O

3 Linear ordered sunflowers

We now consider, for infinite cardinals x, which linear orders of size x are sunflowerable.

Definition 25. Suppose Y = (Y, <) is a linear ordering and for all y € Y, X, = (X, <) is a linear ordering.
We define (Zyey X,, <) to be the linear ordering where the underlying set is {(y,z) : y € Y and = € X}
and (yo, o) < (y1,21) if either yo < y1 or yo = y1 and xg < x1. We call Zyey Xy a lexicographical sum.
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Definition 26. A linear ordering (X, <) is k-dense if it has size at least 2 and for all distinct a,b € X,
{c :a<c<b} =&

Note that (Q, <) is w-dense and the k-dense linear orderings of size k are k-sized analogs of (Q, <). This
motivates the following definition.

Definition 27. A linear ordering (X, <) is k-scattered if there does not exist a Y C X such that (Y, <) is
k-dense. We say a linear ordering is scattered if it is w-scattered.

Hausdorff gave a characterization of scattered linear orderings, which was generalized in [1] to k-scattered
linear orderings.

Definition 28. Let B£, be the collection of linear orderings that are either

(1) of size < &,
(2) a well-ordering, or
(3) the inverse of a well-ordering.

Let £, be the closure of B, under lexicographical sums ordered by elements of BL,.
Proposition 29 (Abraham et al., [1, Theorem 3.10]). The following are equivalent for a linear ordering £:

(1) L is k-scattered,
(2) Le&,.

Definition 30. Let ©, be the collection of linear orderings of size < k. Consider the following collection
of linear orderings defined by induction. First, £y , contains all isomorphic copies of elements of ©,,. If £; ..
has been defined for all i € w -, let £,,.5, = Ui€w~6 Lix- If £, has been defined and X is a linear ordering,
let Egﬁ .. be the collection of linear orderings of the form ZIG Az where A, € £, for all x € X. Let
Lotin =Uypen, &2, ULE, ULE . Let £ = Ujcorp Lin- For A € £y, let 7, (A) be the least o such
that A € £4.,. We call 7,(A) the k-scattered construction rank of A.

Lemma 31. £, is the collection of x-scattered linear orderings of size at most «.

Proof. It is immediate that every element of £ , has size at most x. Further, £, C £, and so by
Proposition 29 every element of £, . is k-scattered. Also by Proposition 29, it suffices to show that for all
ordinals  of size at most x we have 3, 8* € £ . If < & it is immediate that f € £ .

Now assume, to get a contradiction, that for some § < k™ we have 8 ¢ £, and let S be minimal as
such. If f =a+ 1, then a € £, and aa+ S; = 8 where S; is the 1-point linear ordering (and hence in ®).
Therefore § € £, getting us a contradiction. If § is a limit, then there must be an increasing sequence of
ordinals ((;)ien (for n < k) such that 8 = Zie” ¢i. But, as each (; € £ 4, we have € £ . This gets us
our contradiction, ensuring that for all 8 < kT, 8 € £ 4.

The case that 5* € £ is identical. O

We now give an important property of k-scattered linear orderings of size .
Proposition 32. Suppose X is a k-scattered linear ordering of size k. Then one of three things happens.

(1) We can find a linear ordering D with |D| < x and k-scattered linear orderings (&X;);ep such that
X =) ,cp i and for all i € D, X; does not contain an isomorphic copy of X as a subset,

(2) We can find k-scattered linear orderings (X;);cx such that X => . A; and for all ¢ € k, X; does not
contain a copy of X,

(3) We can find k-scattered linear orderings (X;);e, such that X ="
contain a copy of X.

1ER

X; and for all ¢ € k, X; does not

PER*

Proof. Let Y be the collection of k-scattered linear orderings of size £ which X embeds into. Let Z be an element
of Y with r,(Z) minimal. Let 7: X — Z be an embedding. Note r,,(Z) = a+1 for some ordinal « as no x-sized
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linear ordering embeds into an element of ®,, = £y, and Z has minimal s-scattered construction rank among
k-scattered linear orderings containing a copy of X. We now have three cases depending on the form of Z.

Case 1: Z € £}, and Y € D,. There are then (A;)iey C £a,x such that Z =37, A;. Let X = 77[Ay].
Note that if X embedded into &; then X would embed into A; contradicting the minimality of r,(Z). Therefore
X; satisfies condition (1) for all i € Y.

Case 2: Z € £f . There are then (A;)icx C £4,x such that Z =) . A;. Fori € x let X = A
Note that if X embedded into A; then X would embed into A; contradicting the minimality of r,(Z). Therefore
(X;)iex satisfy condition (2).

Case 3: Z ¢ ngﬁ. There are then (A;)iex € Lo,k such that Z2 =37, . A;. Foricw, let &; = A
Note that if X embedded into X}, then X’ would embed into A; contradicting the minimality of r,;(Z). Therefore
(X;)ier satisfy condition (3). O

We therefore have the following theorem.

Theorem 33. Suppose X = (X, <) is a k-scattered linear ordering of size k. Then the following are equivalent:

(1) X is 2-sunflowerable,
(2) X is sunflowerable,
(3) X has order type k or K*.

Proof. Tt is immediate that (2) implies (1). Suppose (3) holds. First note that any subset of « of size k has
order type x and any subset of k* of size k has order type k*. Therefore both x and x* are sunflowerable by
Theorem 1. Hence (3) implies (2).

Now suppose (3) fails. By Proposition 32, there is a linear order ) such that either |Y| < x or the order
type of Y is k or " and there is a collection (&X;);cy such that X =, _y, &; and X does not embed into
any &;. Let (X;, <) = &;. We can assume, without loss of generality, that X; N X; = @ for all distinct ¢,j € ¥
and X;NY =g foralli €Y. Let Z =Y U (U;cy Xi). Note |Z] = [X] = k. Let A C Py(Z) be the set
{{i,z} : i € k,x € X;}. Say that {i,z} <a {j,y} if and only if either i < j or i = j and  <y. We then have
(4, <4) = (X, 9).

Suppose, to get a contradiction, that Ay C A is a sunflower with (Ag, <4) = X. Suppose {i,2},{Jj,y} € Ao
with 4,5 € Y. If {i,z} N {j,y} # @ then i = j and Ay C {{i,z} : z € X;}. But X = (Ap,<4) and so X
embeds into X;, getting us our contradiction. Otherwise we must have {i,z} N {j,y} = @. In particular, for all
distinet {i, 2}, {j,y} € Ao we have i # j. Therefore the order type of (A, <4) must be a suborder type of Y.
But then the order type of (Ag, <a) is either size < k or of order type x or x*. This implies X is either of
size < k or of ordertype k or k*, contradicting our assumption on X. Therefore X is not 2-sunflowerable and
(1) fails. Hence (1) implies (3). O

In the case when there is a saturated model Q,; of size k of the theory of dense linear orderings, we have a
weakening of the notion of scattered.

Definition 34. Suppose k = k<". Let Q, be the unique (up to isomorphism) saturated model of the theory
of dense linear orderings without endpoints of size k. We say a linear ordering (X, <) is Q,-scattered if there
does not exist a subset Y C X such that (Y, <) = Q.

The following is immediate by Lemma 21 and the fact that all linear orders of size x embed into Q.
Proposition 35. If xk = k<% |X| = k and X is not Q,-scattered then X is sunflowerable.

When k = w, there is a unique w-dense linear ordering (up to isomorphism), i.e., (Q, <). Further, being
Q-scattered is the same as being scattered. Therefore we have the following characterization of sunflowerable
countable linear orderings.
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Theorem 36. Suppose X is a countably infinite linear ordering. Then the following are equivalent:

(1) X is 2-sunflowerable,

(2) X is sunflowerable,

(3) One of the following is true of X':
(a) X is isomorphic to (w, <),
(b) X is isomorphic to (w*, <), or
(¢) (Q, <) embeds into X.

Proof. This is immediate from Lemma 21, Theorem 33, the fact that any non-scattered linear ordering embeds
@, and that all countable linear orderings embed into Q. O

Note any x-dense but non-sunflowerable linear ordering would have to become w-dense in any larger model
of set theory that collapses k to w. Therefore every k-dense linear ordering, whether or not it is sunflowerable, is
sunflowerable in a forcing extension of the background model of set theory. We observe that being sunflowerable
is not absolute.

Example 37. Let X = w; x Q ordered lexographically. X is w-scattered and hence, by Theorem 33, not
sunflowerable. But & is a model of the theory of dense linear orderings without endpoints. Therefore in any
larger model of set theory that collapses wy to w we have that X is isomorphic to Q and hence is sunflowerable.

4 Sunflower property of an age

It is well known that, via a compactness argument, the finite Ramsey theorem follows from the infinite
Ramsey theorem. A similar argument shows that the sunflower lemma (without bounds) follows from the fact
that all infinite sets of finite tuples of the same size contain an infinite sunflower. Further, this argument can
be extended to sunflowerable structures and gives rise to the notion of an age having the sunflower property.
In this section we will make this precise and also give concrete upper bounds when the age has the 3-disjoint
amalgamation property.

Remark 38. For the rest of this section £ will be a countable relational language.

4.1 Properties of ages

We first recall various properties that will be important.

Definition 39. An .Z-age, K, is a collection of finite structures closed under isomorphism. If M is a structure
then the age of M is the collection of structures isomorphic to a finite substructure of M.

Definition 40. Suppose K is an .Z-age.

(1) K has the hereditary property, (HP), if whenever A € K and Ag C A then Al4, € K.

(2) K has the joint embedding property, (JEP), if whenever A, B € K there is a C € K and embeddings
e A—Candig: B—C.

(3) K has the n-disjoint amalgamation property (n-DAP), if, whenever Ap,...,A,—1 € K and for all
i,j € [n] we have A;[a,na; = Ajla,n4,, then there is a B € K such that B4, = A; for all i € [n].

Note that the collection of n-disjoint amalgamation properties forms a hierarchy. In the literature there are
two distinct ways to define this hierarchy of (n-DAP), see for example [14] (which matches Definition 40) and
also the notion of free in [2] and n-DAP in [6] (which both match the notion of basic n-disjoint amalgamation
n [14]). However, the most common uses of these notions occur on ages that have n-DAP for all n € w. Any
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such age will have n-DAP for all n under one notion if and only if it has n-DAP for all n under the other
notion (see, for example, [14, Proposition 3.6]).

Note a countable structure M has 3-amalgamation of quantifier-free types (Definition 15) if and only if its
age has (3-DAP). The following is immediate.

Lemma 41. Suppose K has (3-DAP), A, B € K and A[anp = Blanp, then there is a C € K such that
Cla=AandClg =B.

We call such a C in Lemma 41 a disjoint amalgamation of A and B. The following is also immediate.
Lemma 42. If K has (3-DAP), then K has (JEP).
As we will see later, we will need the following property to hold in any age we care about.

Definition 43. We say an age K in .Z has unique unary quantifier-free types if for all A,B € K and a € A
and b € B, we have qtp 4(a) = qtpg(b).

If K has (HP), then having unique unary quantifier-free types is equivalent to all structures on the one
element set being isomorphic. The following lemma will be our main use of (3-DAP).

Lemma 44. Suppose

(1) K has (3-DAP),

(2) K has unique unary types,

(3) A, B € K with AN B =g, and

(4) (ai)igin+1) is an enumeration of A.
Then there is a C € K where

(5) ACCand BCC, and

(6) for all b e B, qtpc((ai)ie[nﬂl) = qtpc((ai)ie[n]/\b).
Proof. Let {b;};c[q be an enumeration of B. We define a sequence of structures C; for i € [¢] U {—1} as follows.
Let C_1 = A. If Ci, is defined then we let Cx41 € K be a structure where

(a) Cryr=Cr U{bria},

(b) Cri1lc, = Ci,

(¢) Crs r{bT'}Te[k+2] = Br{br}re[k+2]’ and

(d) atpe,,, ((ai)iepnt1)) = qtpe, ., ((ai)iepm)brt1)-
Note that the structures Cy and B[{br}rak+2 (b} reihsn):

Similarly, if D is the structure with underlying set {a; }ie(n)U{bx+1} such that D |= qtpe, |, ((ai)iepm)bes1) =

, agree on their common intersection of B

atpe, ,, ((ai)iepn+1]), then D and A agree on their common intersection, which is {a;};e[n). Finally note that D
and Bl(p,}, ..., agree on their common intersection of {br+1} as K has unique unary types. We can therefore
apply (3-DAP) to find such a Cr41 € K. Finally let C = Cy_1. O

We now recall a couple important properties of ages.

Definition 45. We say an age K is indivisible at A € K if for all n there is a B € K such that whenever
a: B = [n+ 1] is a map, then there is an AT C B where A =2 A" and |a[AT]| = 1. We call B a witness to
indivisibility of A in K of order n.

When an age K has unique unary quantifier-free types and (HP), then there is, up to isomorphism, a
unique element A; of size 1. In this situation, being indivisible at all B € K is the same as a class having the
A;j-Ramsey property (see [15, § 5] for a definition of the Ramsey property for an age).



Sunflowerable structures 169

The following lemma is also immediate.
Lemma 46. If K has (JEP) and is indivisible, then K has unique unary quantifier-free types.

Proof. Suppose K has (JEP) but does not have unique unary quantifier-free types. As K has (JEP) there must
be an A € K and ag,a; € A with qtp 4(ag) # qtp4(a1). Now suppose B € K is any structure containing an
isomorphic copy of A. Let a: B — [2] be the map where a(b) = 0 if and only if qtpg(b) # qtp4(ap). Then
there can be no subset By C B with |a[Bo]| =1 and B[p, = .A. Hence K is not indivisible. O

The following definition will be important for determining bounds on the existence of structures whose
underlying set is a sunflower.

Definition 47. Let f: w x w — wU {oco}. We say 5 is a bound on indivisibility if 5 is non-decreasing in its
first coordinate and if for all A € K and all n € w either

(1) K is not indivisible at A and S(|A[,n) = oo, or
(2) there is a B € K with |B| < 5(]A],n) and B witnessing the indivisibility of A in K of order n.

We will want to use known results about indivisibility, along with Theorem 56, to provide several examples
of sunflowerable ages. However, as indivisibility is most often studied in infinite ultrahomogeneous structures,
we present a result connecting the indivisibility of such a structure with the indivisibility of its age.

Lemma 48. Suppose M is an indivisible countable structure and K is the age of M. Then K is indivisible.

Proof. Suppose to get a contradiction that M is indivisible but K is not. There must then be an n € w and an
A € K such that for all B € K there is an a: B — [n + 1] such that a~!(i) does not contain a copy of A for
any 7 € [n+ 1]. Call such a map « a bad map. For each B € K let Bad(B) be the collection of bad maps with
range [n + 1] and domain B. Note for any B, Bad(B) is finite. Let (a;);c. be an enumeration of M without
repetitions where A = {a;};<| 4. For k € w let By = MTy4,} 4,,- Let Bad = U, Bad(By). Then (Bad, C) is
a finitely branching infinite tree, therefore by Kénig’s lemma there must be an infinite branch (ay);c € Bad.
If @ = Jpe, o we have a: M — [n+ 1] is a map such that a~!(7) does not contain a copy of A for any
1 € [n+ 1]. But this contradicts the indivisibility of M. O

4.2 Sunflower property
We now introduce the notion of the sunflower property.

Definition 49. We say an age K has the n-sunflower property if for every A € K there is a B € K such that
whenever S is a set and f: B — P, (5) then there is a A’ C B such that A = B4 and f[A'] is a sunflower.
We say B witnesses that K has the n-sunflower property at A.

If K has the n-sunflower property for all n then we say it has the sunflower property.

Because all elements of K are finite, note that for each set S and each A € K with A C P,(S) we have
[JA| < w. Therefore there is an A" € K with A’ C P, (w) and an injective map «: |JA — w such that if
o': A — Pp(w) is the map where for all a € A, &/(a) = {a(x) : & € a}, then & is an isomorphism from
A to A’. Therefore, if we so choose, we could assume without loss of generality that all elements of K in
Definition 49 have underlying sets contained in P, (w).

Example 50. Let Ko be the class of linear orders. If A, B € Kyo and A is of size k, then any subset of B
of size k is isomorphic to A. Therefore, by the Theorem 1, Ko has the sunflower property.

We now show the sunflower properties form a hierarchy.

Lemma 51. If n € w and K has the (n + 2)-sunflower property, then K has the (n 4 1)-sunflower property.
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Proof. Suppose A € K and B witnesses that K has the (n + 2)-sunflower property at .A. Suppose S is a set
and f: B — Pp41(5). Let B’ be the unique structure on f[B] such that f is an isomorphism. Let X = | f[B]
and ¢ ¢ X. Let a: Pp1(X) = Pry2(X U{x}) be the map where a(y) = y U {z}. Then « is injective.

Let B* = a[B’]. There must then be a subset A* C B* such that A* is a sunflower and A* = A. Let
A’ = a7 1[A*]. We then have A’ = A. Also, there is a d such that for distinct a,b € A* we have d = a N b.
Further, we have have x € d. Therefore a=!(a) N a~t(b) = d\{x} for distinct a,b. Hence, as af is an
isomorphism from A’ to A*, the underlying set of A’ is a sunflower. O

One of the main reasons why we restricted attention to ages that had unique unary quantifier-free types is
that without this property the ages, in general, do not have even the 2-sunflower property.

Lemma 52. Suppose

(1) K does not have unique unary quantifier-free types,
(2) K has (JEP), and
(3) K has at least one structure of size at least 3.

Then K does not have the 2-sunflower property.

Proof. Suppose K does have the 2-sunflower property to get a contradiction. By our assumptions on K there
must be an A € K with |A| > 3 along with a,b € A such that qtp(a) # qtp(b). Then there is a B witnessing
that K has the 2-sunflower property at A. Pick a € A and let E be the collection of elements ¢ € B such that
qtp(c) = qtp(a). Let B be the underlying set of B. Let Y = {(0,b) : b€ E}yU{(1,b) : b€ B\E}. Let B’ be
the structure with underlying set Y such that m;: Y — B, given by projection onto the second coordinate, is
an isomorphism. Then every sunflower contained in Y either has size < 2, is contained in F, or is contained
in B\E. Therefore, as |B| > |.A| > 3, no subset of B’ is isomorphic to B and is a sunflower. O

4.3 Sunflower property from sunflowerable structures

We now show that the age of a countable sunflowerable structure has the sunflower property. This will allow
us to give several examples of ages with the sunflower property.

Theorem 53. Suppose K is an age and n € w. Further suppose M is a countable Z-structure where the age
of M is K and M is n-sunflowerable. Then K has the n-sunflower property.

Proof. As there is a structure whose age is K, K satisfies (HP) and (JEP). Suppose, to get a contradiction,
that K does not have the n-sunflower property. Then there is some A € K such that for every B € K there
is a set S and an injection f: B — P, (S) where, whenever A’ C B with B[4 & A, we have that A’ is not a
sunflower. Let (¢;)ie., be an enumeration of M. For ¢ € w let Cyp be the substructure of M where C; = {Ci}ie[e].
Note, as the age of M is K, we have C; € K.

If X is a set, let D;¥ be the collection of structures C such that C, = C,, C}; C P,,(X) and no subset of C,
isomorphic to A is a sunflower. Note for each set X and each & € D¥, we can find a subset X, C [n - ¢] and
a bijection ¢: |JE — X, and an element & € ng] such that, if ¢*: P(IJ E) — P(Xo) is the corresponding
bijection, then (*: & — & is an isomorphism of structures. In particular, every element of Df is isomorphic
to an element of D([gn-z] via an isomorphism that preserves the structure of the underlying set. Therefore, for
all { € w, if Dy = DL"'Z], then we have Dy, # &.

For ¢ € w, we will define a tree (7;, C) where the kth level of the tree is a set Fy x, which we will define
by induction. Let Fyo = Dy. If £ € Fy 1, let F*(€) be the collection of G € Dy 11 such that £ C G. We let
Frry1 = U{F*(€) : € € Fyi}. Note that if £ € Dyyy, then by permuting the elements [(¢ + k) - n] we can
find an isomorphic copy of £* = £ with £* € Fy . Therefore, as Dy # @ for all k € w, we have Fy # @
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for all k € w. But then Ty is infinite. For all k € w, as Dy, is finite, Fy y is finite as well. Therefore (T, Q)
is finitely branching. Hence, by Kénig’s lemma, we must have an infinite branch (&;);e,, in Ty. Note that for
k€ w, |[Exi1\Ex| = 1. Let & = {J,;,, & We then have £ = M, where the unique element of Ey1\E}y gets
mapped to cpqpi1-

Because M is n-sunflowerable, there must be an infinite sunflower £~ C E such that ¢: £~ = M. As the
age of M is K, there must be a subset A~ C E~ with A~ =2 A. In particular, as A~ is a subset of a sunflower,
it is itself a sunflower. But there then must be some k € w such that A~ C Ej. However & € Fy, ¢ C Dyyy and
so & contains no substructure isomorphic to A that is also a sunflower, getting us our contradiction. O

We can use Theorem 53 to show that several ages have the sunflower property.
Lemma 54. The following ages have the sunflower property:

(1) The collection of all finite graphs,
(2) The age H; from Example 23.

Proof. (1) follows from Lemma 22 and Theorem 53, and (2) follows from Example 23 and Theorem 53. O

4.4 3-disjoint amalgamation property

Note that from Theorem 53, we can deduce general properties that will ensure an age has the sunflower
property. In particular, we have the following.

Theorem 55. Suppose K is an age with only countably many isomorphism classes, that has unique unary
quantifier-free types, and that has (HP) and (3-DAP). Then K has the sunflower property.

Proof. Because we are in a relational language, (3-DAP) implies (JEP). Therefore K has a Fraissé limit G. But
then by Corollary 20, G is sunflowerable and so, by Theorem 53, K has the sunflower property. O

In the case of ages with (HP) and (3-DAP) we can also give concrete bounds on the size of a structure
witnessing the sunflower property.

Theorem 56. Suppose

(1) K has (HP) and (3-DAP),

(2) for all A e K with | 4| > 2, K is indivisible at A,

(3) B is a bound on indivisibility for K, and

(4) for A € K, v4 is the function where y4(1) = |A| and y4(n + 1) = B(ya(n), (n + 1) - |A])=IAl.

Then for all A € K and n € w there is a B € K with |B| < y4(n) such that B witnesses the n-sunflower
property of K at A.

Proof. We prove this by induction on n. First note that if n =1, Sisaset A € K and f: A — Py(9) is an
injection, then f[A] is a sunflower. Therefore A is a witness to this fact and |A| < v4(1) = |A|.

We now assume the result holds for n in order to show it holds for n + 1. Suppose A € K. If |A| = 2 then,
whenever S is a set and f: A — P,41(5), we have f[A] is a sunflower. Therefore A witnesses that K has the
(n 4 1)-sunflower property at A and |A| = y4(1) < ya(n + 1). Now suppose |A| > 2 and let (a;);cje11) be an
enumeration of A. For i € [¢] let p; = qtp (aH_l /(aj) jE[i])' Let B~ witness that K has the n-sunflower property
at A and |B~| < y4(n). Let B € K be a structure witnessing the indivisibility of B~ in K of order (n+1) - |A|.
Further. suppose |B] < (1B, (n+1) - |A) < B(ya(n), (n +1) - |A]).

We now define, for each i € [¢ + 1], a structure C; along with a collection V; of valid sequences of length ¢ of
elements of C; with the property that if ¢ € V;, then qtp(c) = qtp((a;)jej). Further, we will have |V;| < |B|
and |Gy < [B[- 32, |Vj|- Let Ci = Alyq,) and let Vi = {{ao)}, i.e., (ao) is the unique valid sequence of
length 1. Suppose we have defined Cy, and V}, for k € [£]. For every ¢ € V}, we find a structures B., D, such that

(1) BeNCr =2,
(2) B. € D, and C;, C Dy,
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(3) D. e U Ck,
(4) Be and
(5) for all b € Be we have qtp(c"b) = qtp((ai)ie))-

=B
=~ B,

By Lemma 46, we have that K has unique unary quantifier-free types and so we can always find such
a D. by Lemma 44. Further note we can assume, without loss of generality, for any two cg,c; € Vi that
Be, N Be, = @. Let Cry1 be a disjoint amalgamation of all of the D, for ¢ € V;. Note such a disjoint
amalgamation exists in K by Lemma 41. We therefore have |Cyi1| = |[C| + |B| - [Vi| < |B| - 3 ;41 Vil
Let Viy1 = {c"b : ¢ €V}, and b € B.}. We then have |Vj; 1| < |B| - |Vi| < |B|**1. In particular, this implies
1Cel < Bl X ices |B" < B(y4(n), (n+ 1) - |A])SIAl. To finish the induction, it suffices to prove that Cg
witnesses that K has the (n + 1)-sunflower property at A.

Suppose C; is such that a: C) = C; and C) C P, 41(X) for some set X. Let V? = {a(c) : c € V;}. We
now use V;° to attempt to construct a sunflower isomorphic to A. For z € X, let E, = {y € Cy : = € y}. Call
a sequence (e;);e[x) separated if for all z € X [{i : e; € B, }| < 1. We now have two cases.

Case 1: There is a (¢;);ce+1) € Vi that is separated. In this case the map a; — ¢; is an isomorphism between
A and C; [{ei}icppqn- Further, because (Ci)iepe+1) 1s separated, ¢; N¢; = @ for i < j € [£ + 1]. Therefore
{ci}iepe41) is a sunflower.

Case 2: For all ¢ € V, ¢ is not separated. Let P = {c € Uie[£+1] Vi @ cis separated}. Let ¢ < d if ¢ is an
initial sequence of d. (P, <) is then a finite partial ordering and so must have a maximal element d. But by
assumption, as d is separated, d € V.

Let d = (d;)iex) where k € [(]. Let Xo = ;¢ dis let r = [Xo| and let v: Xo — [r] be a bijection. Note
r < (n+1)-|A]l. As d is maximal among (J;c(,4,) Vi that are separated, we have for all b € Bq that d"b
is not separated. Therefore for all b € By, we have bN X # &. Let (: Bg — [r] be any map such that
(Vb € Bg)y 1(¢(b)) € b. Because B is a witness to the indivisibility of B~ in K of order (n + 1) - |4], there
must be an s € [r] and a subset By C BgN( !(s) with By =2 B~. Let z =~7!(s). Then for all b € B; we
have z € b. Let G; = {y\{z} : y € B; }. We then have the map v,: G, — B, where v.(y) =y U {z} is an
isomorphism. Let G; be the .Z-structure with underlying set G where v, is an isomorphism of .Z-structures.

Because B~ witnesses that K has the n-sunflower property at A and G; = B~ there must be an A* C G
where A* = A and A* is a sunflower. But then if we let A° be v.[A*], we have A° C Cj and A° = A. But we
also have for all a,b,c € A*, v, (a) Nv,(b) = (aNb)U{z} = (aNc)U{z} =v,.(a) Nv,(c). Therefore A° is also
a sunflower.

Therefore C; witnesses that K has the (n + 1)-sunflower property at .A. O

5 Indivisibility

In this section, we discuss the relationship between indivisibility and being sunflowerable or being an age with
a sunflower property. This will allow us to use our results to give new classes of structures that are indivisible.
The following results follow from Proposition 10 and the corresponding facts about sunflowerable structures.
Lemma 57. Suppose

(1) M is an .Z-structure with |M| a regular cardinal,

(2) M is an |M|-saturated structure with quantifier-elimination,
(3) all elements of M have the same quantifier-free type, and
(4) M has (3-DAP).

Then M is indivisible.

Proof. This follows immediately from Corollary 20 and Proposition 10. O
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We now show that being indivisible is a necessary condition for having the 2-sunflower property.
Proposition 58. If K has the 2-sunflower property, then K is indivisible at A whenever A € K with |A| > 2.

Proof. Suppose A € K and let B witness that K has the 2-sunflower property at A. Note we can assume
without loss of generality that |JB N [2] = @. Suppose a: B — [2]. Let B’ € K be the structure where
B’ = {{b,a(b)} : b € B} and where the projection map my: B’ — B is an isomorphism. There must then be
a subset A’ C B’ with B4 = A and A’ a sunflower. But as |[A| > 2, all sunflowers in B’ are either subsets
of {{b,0} : a(b) = 0} or subsets of {{b,1} : a(b) = 1}. Therefore we must have |a[A’]| = 1. The result then
follows from the following claim: Suppose for all A € K there is a B € K that witnesses the indivisibility of A
in K of order 2, then K is indivisible.

We define B,,, for n > 2, to be such that B,,; witnesses the indivisibility of B,, in K of order 2. We now
prove by induction on n that B,, witnesses the indivisibility of A in K of order n. First note that if n = 2, then
this follows from our definition of Ba.

Now suppose B,, witnesses the indivisibility of A in K of order n. Let a: By+1 — [n+1]. Let v: [n+1] — [2]
be such that (i) = 0 for ¢ € [n] and y(n) = 1. By our definition of B,,11, there must be a B} C B, ;1 such that
By, & Bntilp: with [(y o @)[B}]] = 1. Suppose B, C (yoa) (1), then B}, C o *[{n}]. But, by construction,
there must be an A* C B} with B} |4« = A. Therefore |o[A*]| = 1 and we are done.

Now suppose Bj, € (yoa)~'(0). Then alp:: B — [n]. Therefore by our inductive hypothesis there must
be an A* C B} such that A = B[4+ and |a[A*]] = 1. O

Note in Proposition 58 that we cannot remove the assumption that |A| > 2, as for every set S every subset
of P,,(S) of size 2 is a sunflower. As a consequence of Proposition 58 we also get the following, which was proved
in [9] Proposition 2.23. Rehana Patel, using different methods, has independently also proved the following.

Lemma 59. Suppose K is an age with only countably many isomorphism classes, that has unique unary
quantifier-free types, and that has (HP) and (3-DAP). Then K is indivisible.

Proof. This follows from Theorem 55 and Proposition 58. O

6 Conjectures

We end with a couple of conjectures. First recall, by Lemma 8, that the properties of being n-sunflowerable
form a hierarchy. However, for all examples in this paper, this hierarchy collapses. This suggests the following
conjecture.

Conjecture 60. If M is a 2-sunflowerable structure, then M is sunflowerable.
The definition of a sunflowerable structure suggests a higher dimensional analog.

Definition 61. Suppose M is an infinite .Z-structure and either k,n € w. We say M is n-sunflowerable in
dimension k if, whenever S is a set and f: M* — P, (S) is an injection, there is a subset My C M such that
My, 2 M and f[M}] is a sunflower. We say M is sunflowerable in dimension k if it is n-sunflowerable in
dimension k for every n € w.

Conjecture 62. For every n,k € w, a structure is n-sunflowerable in dimension k if and only if it is
n-sunflowerable.

Theorem 36 characterizes those countable linear orderings that are sunflowerable. However, when we move
to uncountable linear orderings we do not quite have such a characterization, as there are linear orderings that
are Q,-scattered but not k-scattered. We therefore have the following conjecture.
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Conjecture 63. If x is regular, then all x-dense linear orderings are sunflowerable.

For n > 3, recall H,, is the countable generic K,-free graph. Then H,, is ultrahomogeneous and indivisible

(see [17]). This then suggests the following conjecture.

Conjecture 64. For all n > 3, H,, is sunflowerable.
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